Suppose p(z) is a holomorphic function, the multiplicity of its zeros is at most d, P(z) is a nonconstant polynomial. Let F be a family of meromorphic functions in a domain D, all of whose zeros and poles have multiplicity at least max{ 
Introduction and results
Let D be a domain in C, let F be a family of meromorphic functions in D. F is said to be normal in D, in the sense of Montel, if for any sequence {f n } ∈ F contains a subsequence {f nj } such that f nj converges spherically locally uniformly in D to a meromorphic function or ∞ [-].
Let a ∈ C ∪ {∞}, let f and g be two nonconstant meromorphic functions in D. If f (z) -a and g(z) -a have the same zeros (ignoring multiplicity), we say f and g share the value a in D.
In , Hayman [] proved that if f is a transcendental meromorphic function, then f n f assumes every finite nonzero complex number infinitely often for any positive integer n ≥ . He [] conjectured that this remains valid for n =  and n = . Further, the case of n =  was confirmed by Mues [] in . The case n =  was considered and settled by In , Wang [] proved the following theorem. 
It is natural to ask whether Theorem E can be improved by the idea of sharing a holomorphic function. In this paper, we study the problem and obtain the following theorems. 
If for each pair of functions f and g in
F , P(f )f (k) and P(g)g (k) share p(z) in D, then F is normal in D.
Some lemmas
there exists a sequence of complex numbers z n ∈ D, z n → z  , a sequence of positive numbers ρ n → , and a sequence of functions f n ∈ F such that
locally uniformly with respect to the spherical metric, where g is a nonconstant meromorphic function on C, all of whose zeros have multiplicity at least k, such that g (ξ ) ≤ g () = kA + . Moreover, g(ξ ) has order at most . Proof Let
Lemma . (see []) Let f (z) be a meromorphic function and k be a positive integer. If
f (k) ≡ , then N r,  f (k) ≤ N r,  f + kN(r, f ) + S(r, f ). Lemma . (see []) Let f  (z), f  (z) be two meromorphic functions defined in D = {z : |z| < R}, then N(r, f  f  ) -N r,  f  f  = N(r, f  ) + N(r, f  ) -N r,  f  -N r,  f  . Lemma . (see []) Let f be a transcendental meromorphic function, let P f (z), Q f (z) be two differential polynomials of f . If f n P f = Q f
Lemma . Let d (≥ ) be an integer, let k be a positive integer, and let p(z)
has only finitely many zeros, then N(r,
Since the multiplicity of zeros of f (z) is at least , we can get from (.) that
By Lemma ., we know that
We can get from (.) that
where
From (.) and Lemma ., we obtain that
We can get from (.) that
) . By Lemma ., then m(r, G) = S(r, f ). By (.), we have that Hence by (.) and (.), we obtain that
has only simple poles, so by (.) we know that
Combining (.) and (.)-(.), we have
Since the multiplicity of the zeros and poles of f (z) is at least , by an elementary calculation and combing with Lemma ., (.) and (.), the above inequality yields
Since the multiplicity of the poles of f (z) is at least , we can get from (.) that Remark . When p(z) is a nonzero finite constant or a small function of f (z), similarly we can get the same conclusion. 
This implies T(r, f

Lemma . Let d (≥ ) be an integer, let k be a positive integer, and let p(z)
Proof We discuss the following two cases.
Since the multiplicity of all the zeros of f is at least
where A is a nonzero constant, l is a positive integer. We discuss the following two cases. 
has only simple zeros, which contradicts with the multiplicity of all the zeros of f is at least k + d. By Case  and Case , ff (k) -p(z) has at least two distinct zeros.
If ff (k) -p(z) ≡ , then similar to the proof of Case , we get a contradiction. Hence
Lemma . Let d (≥ ) be an integer, let k be a positive integer, and let p(z)
is a nonconstant rational function and not a polynomial, and the multiplicity of whose zeros and poles is at least
has at least two distinct zeros, and
Proof Since f (z) is a nonconstant rational function and not a polynomial, then obviously ff
where B is a nonzero constant. Since the multiplicity of the zeros and poles of f is at least
. , t). For simplicity, we denote
By (.), we get 
By (.), we obtain
Next, we discuss the following two cases. Case . If ff (k) -p(z) has only one zero z  , then let
Differentiating both sides of (.), we have
By (.) and (.), we know m
Differentiating both sides of (.) step by step for d times, we have z  is a zero of (ff (k) Case i. When k is large enough, f jk = . Then F() = ∞. Thus, for ∀ constant R > , ∃σ ∈ (, ρ), we have |F(z)| > R when z ∈ ρ . Thus, for sufficiently large k, |F jk (z)| >
